Abstract. From a resolution graph with certain conditions, Neumann and Wahl constructed an equisingular family of surface singularities called splice quotients. For this class some fundamental analytic invariants have been computed from their resolution graph. In this paper we give a method to compute the multiplicity of an abelian covering of a splice quotient from its resolution graph and the Galois group.
Introduction
Splice quotient singularities were introduced by Neumann and Wahl ( [6] , [7] , [8] ), which are a broad generalization of quasihomogeneous complex surface singularities with rational homology sphere links.
Let (X, o) be a normal complex surface singularity with rational homology sphere link and Γ the weighted dual graph of (X, o), i.e., the weighted dual graph of the exceptional set of the minimal good resolution. It is well-known that Γ determines the topology of (X, o), and the converse is also true. Let ϕ : (X u , o) → (X, o) denote the universal abelian cover. Under a certain condition on Γ, Neumann and Wahl gave a method to construct explicitly the so-called "splice diagram equations" from Γ, which defines a singularity Z homeomorphic to X u , having an action of the Galois group of ϕ with quotient Y homeomorphic to X; the singularity Y is called a splice quotient. It is very natural to expect that some analytic invariants of splice quotients can be computed from their weighted dual graphs. In fact, since the end curve theorem (a characterization of splice quotients) was given by Neumann-Wahl [5] , the geometric genus, the dimension of cohomology groups of certain invertible sheaves, and the multiplicity have been computed ( [12] , [4] , [3] , [1] , [2] ).
In this article, we consider an arbitrary abelian covering (X ′ , o) → (X, o) of a splice quotient (X, o) such that X ′ \ {o} → X \ {o} is unramified, and we give an explicit method to compute the multiplicity of (X ′ , o) from Γ and the Galois group of X ′ → X. The multiplicity of these singularities can be obtained by the theory of Gröbner basis. However our method is rather based on linear algebra and combinatorics on graphs and it may be easier to apply. We will use the "monomial cycle" to connect directly the combinatorics of the graph and the complex structure of the singularity.
This article is organized as follows. In Section 2 and 3, we first summarize basic facts on abelian coverings of a surface singularity, then discuss the maximal ideal cycle on a resolution of an abelian covering in terms of rational cycles on a resolution of the underlying singularity. In Section 4, we give a brief introduction of splice quotients and a lemma on generators of certain ideals associated with a cycles on a resolution of a splice quotient. The main theorem is proved in Section 5; the point here is to control the base points of the ideal sheaf on a resolution generated by the maximal ideal of the singular point. In the last section, applying our method, we compute some concrete examples.
Abelian covers
Let (X, o) be a normal complex surface singularity with rational homology sphere link Σ. We may assume that X is homeomorphic to the cone over the link Σ. Let π : X → X be a good resolution and {E v } v∈V the set of irreducible components of the exceptional divisor E := π −1 (o). By the assumption, E is a tree of rational curves. We call an element of the group
We define abelian groups as follows:
Definition 2.1. We call a finite morphism (Y, o) → (X, o) of normal surface singularities an abelian covering if it induces an unramified abelian covering Y \ {o} → X \ {o}. We denote the Galois group of the covering by G(Y /X). The universal abelian covering is the abelian covering (
There is a one-to-one correspondence between abelian covers of (X, o) and subgroups of H. Next we give a description of the abelian covering in terms of eigensheaves (see [12] or [10] for details). LetĤ = Hom(H, C * ). Then an isomorphism θ : H →Ĥ is defined by
where the pairing (h, h ′ ) → h · h ′ ∈ Q/Z is determined by the matrix I(E). Let Θ denote the composite of the natural map L * → H and θ. For any divisor D on X, we define
There exists a set {L χ } χ∈Ĥ of effective divisors on X with properties:
Since Pic( X) has no torsion elements, such a divisor L χ is uniquely determined up to linear equivalence. For every D ∈ L * we set
homomorphisms which defines the O X -algebra structure of an O X -module A := χ∈Ĥ L χ satisfying the following:
(1) The projection Specan X π * A → X coincides with q : X u → X. (2) X u := Specan X A has only cyclic quotient singularity and there is a morphism ρ : X u → X u which is a partial resolution, and the following diagram is commutative:
be an abelian covering with Galois group G 1 . Then there exists a subgroup H 1 of H such that
We have the following commutative diagram:
/ / X For any subgroup V ⊂ H, we define groups V ⊥ and V ♭ as follows:
We easily see the following:
In case X is a splice quotient, the invariant h 1 (L χ ) can be computed from Γ, and thus p g (X 1 , o) can be computed from Γ and H 1 .
Let E 1 denote the exceptional set of X 1 , and L 1 the group of cycles supported in E 1 .
, and C := div(f ) − σ(D) has no component of E, then we write (f ) E = D. By the same manner, we define (f )
Proof. Let f e denote the e-th power of f in the algebra
, where
The maximal ideal cycle and the multiplicity
For any set D of effective Q-divisors on a normal variety W , we denote by min D the set of minimal elements of D with respect to the order ≥ and by gcd D the maximal
Definition 3.1. Let m X denote the maximal ideal of O X,o . The maximal ideal cycle on X is defined to be the effective cycle
Note that the maximal ideal cycle can be defined on any partial resolution.
We shall compute the multiplicity of the singularity applying the following (cf. [15, 2.7] , [14, 4.6] ). 
Definition 3.3. We say that D satisfies the GCD condition at a point x ∈ E if there exists a neighborhood U ⊂ X of x such that min D U = {gcd D U }, i.e., gcd D U ∈ D U . We simply say that D satisfies the GCD condition if D satisfies the GCD condition at every point x ∈ E.
Clearly the condition that gcd D U ∈ D U is always satisfied on a neighborhood of any nonsingular point of E.
For any surjective morphism ϕ :
and D does not satisfy the GCD condition. Let ϕ : W → X be the blowing-up at E 1 ∩ E 2 and C ⊂ W the exceptional curve.
Lemma 3.5. Let ϕ : W → X be any surjective morphism such that W is also a partial resolution of a surface singularity with exceptional set ϕ −1 (E). Assume that D satisfies the GCD condition. Then ϕ * D also satisfies the GCD condition and
Proof. Let U be as in Definition 3.3 and ϕ U = ϕ| ϕ −1 (U) . Then we see that min ϕ *
Assume that min D is a finite set. Then there exists a birational morphism ϕ : W → X such that ϕ * D satisfies the GCD condition. In fact, ϕ is obtained by a finite succession of blowing-ups at singular points of exceptional sets where the GCD condition is not satisfied.
Proof. In [10, 6.4] , D is said to be locally ordered if {D 1 , D 2 } satisfies the GCD condition for arbitrary D 1 , D 2 ∈ D. In [10, 6.5] , it is proved that if D is finite then there exists a finite succession of blowing-ups at singular points of exceptional sets where the property being locally ordered is not satisfied. Applying this argument to the set min D, we obtain the assertion.
We identify the local ring
Let ϕ be the composite of any resolutionX 1 → X 1 of the singularities of X 1 and p 1 , and Z 1 the maximal ideal cycle onX 1 . By Lemma 2.6, we have
Proposition 3.7. Assume that for every point x ∈ E there exist a neighborhood
is generated by its global sections at every point of
Proof. Since D satisfies the GCD condition, Z 1 = ψ * Z by Lemma 3.5. Let U and D i be as in the claim. Then OX
and it is generated by global sections at every point of ϕ
is generated by global sections at every point of E. Hence the assertion follows from Theorem 3.2 and the formula
The splice quotients
In this section we give a brief introduction of splice quotients (see [7] , [8] , [12] for more details) and discuss generators of ideals of type H 0 (O X (−σ(A))). Let Γ denote the weighted dual graph of E. Since E is a tree of rational curves, Γ and the intersection matrix I(E) have the same information. Let
. Let E (resp. N ) denote the set of indices of ends (resp. nodes).
w , where Z ≥0 is the set of nonnegative integers. We call an element of M a monomial cycle. For a monomial cycle D = i∈E a i E * i , we associate a monomial z(D) := i∈E z ai i of the power series ring C{z} := C{z i ; i ∈ E}.
Let p : X u → X be the finite morphism in Proposition 2.2. Definition 4.4. Assume that the monomial condition is satisfied. Let E v be a node with branches C 1 , . . . , C δv , and let m i denote an admissible monomial belonging to C i . Let (c ij ) be an arbitrary (δ v − 2) × δ v matrix with c ij ∈ C such that every maximal minor of it has rank δ v − 2. We define polynomials f 1 , . . . , f δv −2 by f i = δv j=1 c ij m j . Let F v = {f 1 , . . . , f δv−2 }. We call the set v∈N F v a NeumannWahl system associated with Γ.
The group H acts on C{z} as follows. For any monomial cycle D and any element h ∈ H, we define
Note that the set F v consists of Θ(E * v )-eigenfunctions. Definition 4.5 (see [7, §7] ). Suppose that a set
satisfies the following:
Then the singularity Y /H is a normal surface singularity and called a splice-quotient singularity.
Next we describe a characterization of splice quotients. Definition 4.6. We say that X satisfies the end curve condition if for each i ∈ E, there exists
Remark 4.7. If X satisfies the end curve condition, so do the minimal good resolution and any resolution obtained by the blowing-up of X at singular points of E or points of the intersection of E and end curves. It is easy to see that X has a good resolution satisfying the end curve condition if and only if its minimal good resolution satisfies the condition.
If X satisfies the end curve condition, then we obtain an H-equivariant homomorphism of C-algebras
The following theorem is due to Neumann-Wahl [5] (cf. [13] , [1] ).
Theorem 4.8 (End Curve Theorem).
The singularity (X, o) is a splice quotient if and only if there exists a good resolution satisfying the end curve condition. In this case, the homomorphism ψ is surjective and its kernel is generated by the functions as f vjv in Definition 4.5.
We assume that X satisfies the end curve condition and use the notation of Definition 4.5; thus (X u , o) = {f = 0, f ∈ F } ⊂ (C #E , o). For each w ∈ V, we define the w-filtration {I Lemma 4.9 (cf. [7, 2.6] ). For every w ∈ V, the ring G(w) is a reduced complete intersection ring isomorphic to C[z]/I w , where I w is the ideal generated by
Proof. In case δ w ≥ 3, it follows from [7, 2.6] . Assume that δ v ≤ 2. For proving the isomorphism G(w) ∼ = C[z]/I w , we only need to show that LF w F forms a regular sequence (see [7, 3.3] ). We may assume that for every v ∈ N the v-leading forms of f vjv are expressed as
and that the admissible monomial m vδv belongs to the branch containing E w . Note that higher terms with respect to v-degree are also higher terms with respect to w-degree (cf. [11, 3.8] ). Then we have
Suppose that E 1 and E 2 are separated by E w if δ w = 2, or that w = 1 if δ w = 1. Then the ideal of C[z] generated by LF w F ∪ {z 1 , z 2 } defines a zero-dimensional variety whose support is the origin, and hence LF w F is a regular sequence (cf. [11, 4.4] ). We see also that for any c 1 , c 2 ∈ C * , the zero-dimensional variety defined by LF w F ∪ {z 1 − c 1 , z 2 − c 2 } is nonsingular. Therefore C[z]/I w is reduced (cf. [7, p. 
711]).
Lemma 4.10. Let w ∈ V and let C 1 , . . . , C δw be the branches of E w . Then there exists a positive integer n and monomial cycles D 1 , . . . , D δw such that D i − nE * w is an effective integral cycle supported on C i for every i = 1, . . . , δ w .
Proof. For every 1 ≤ i ≤ δ w , let E wi be an end contained in C i . Let E × wi be the rational cycle supported on C i such that E × wi · E j = −δ wij for all E j ⊂ C i . Then take positive integers n, n 1 , . . . , n δw such that
In [2, 4.5], the following results are shown as a corollary of the equivariant Campillo-Delgado-Gusein-Zade formula. 
Proof. The proof is the same as that of [12, 3.3] . There are only two essential points for the proof: G(w) is reduced, by Lemma 4.9; O X (−σ(mE * w )) is generated by global sections for some m ∈ N, which follows from the end curve condition and Lemma 4.10. Proof. By [12, 3.5] 
). It follows from Proposition 4.11 and the definition of the w-order that the space
consists of the series of ψ(z(D)) with D ≥ A.
The multiplicity of splice quotients
We assume that X satisfies the end curve condition. Hence X is a splice quotient. For each i ∈ E we fix the section x i and the end curve C i in Definition 4.6, and let
is generated by global sections at every point of E \ {b i } for every i ∈ E.
Proof. We first note that O X (−σ(E * i )) is generated by global sections at b i if and only if the restriction map
) is two and r(x i ) has a zero at b i .
Suppose that there exists a monomial cycle D i with the property in the assertion.
and r is surjective. Assume that r is surjective. Then there exists a section 
and let
Note that {F i } i∈E is the set of all ends of F := τ −1 (E). On W , we can also consider F * i , σ, monomial cycles, and so on. Lemma 5.2. An invertible sheaf O W (−σ(F * i )) is generated by global sections for every i ∈ E. As a consequence, for every monomial cycle D on W , O W (−σ(D)) is also generated by global sections.
is generated by global sections. Assume that b i ∈ B. Let I i ⊂ O X be the ideal sheaf of the point b i . Since the degree of O Ei (−σ(E * i )) is one, I i O X (−σ(E * i )) is generated by global sections, thus so is
We shall compute the multiplicity of the singularity (X 1 , o), where H 1 is a subgroup of H and X 1 = X u /H 1 . Let X ′ → X be the minimal good resolution. We define the set B ′ of points on X ′ in the same way as the set B above. Suppose that X → X Proof. The formula follows from Proposition 3.7. On the other hand, Proposition 5.1 shows that the resolution graph of X can be determined by that of X ′ , and whether the GCD condition is satisfied depends on the graph. Hence Z · Z is determined by the weighted dual graph of (X, o) and H 1 .
Corollary 5.4. The multiplicity of a splice quotient singularity and its universal abelian cover can be computed from the weighted dual graph.
Examples
We will show some examples as an application of our result. Suppose that X is the minimal good resolution; hence it satisfies the end curve condition. For a subgroup H 1 ⊂ H, let X 1 = X u /H 1 and Z = gcd M H1 . We start with a remark which helps our computation.
Remark 6.1. (1) If Z · E v = 0, then the GCD condition is satisfied at every point of E v . Therefore, if the GCD condition is not satisfied at E v ∩ E w , then Z · E v and Z · E w are negative. This is shown as follows. Suppose that E w ∩ E v = ∅. Let D v be an element of the set We denote an element * 5
2 Table 1 Example 6.3. Next we suppose that the weighted dual graph of (X, o) is as follows: Then |H|(−Z ·Z) = 21/5 ∈ Z. In fact, the GCD condition is not satisfied at E 1 ∩E 5 ; however since M 1 (E * 1 ) = M 1 (4E * 2 ), it follows that b 1 ∈ B by Proposition 5.1. Taking blowing-ups over E 1 ∩ E 5 , we obtain the following graph: 
